Learning to Remember: How Early Data Exposure Protects
Post-Trained Capabilities from Catastrophic Forgetting

Lawrence Feng

April 2026

School of Computer Science
Carnegie Mellon University
Pittsburgh, PA 15213

Committee

Aditi Raghunathan (Advisor)

Submitted in partial fulfillment of the requirements
for the Senior Honors Thesis



Keywords: language models, continual learning, catastrophic forgetting, post-training, pretraining data
composition, data mixing, replay, dropout regularization, low-rank adaptation



Abstract

How can we train models whose post-trained capabilities survive subsequent fine-tuning?
Rather than focusing on downstream interventions to mitigate forgetting of upstream
capabilities, we study how upstream training choices — that is, the manner in which a
capability is acquired — shape how robustly that capability is retained. We investigate this
question in a controlled three-stage language-model pipeline: pretraining, post-training to
acquire a target capability, and downstream fine-tuning on a new objective. Across 135M
and 1B models, two post-training domains, and two downstream fine-tuning tasks, we find
that immediate post-training performance does not reliably predict retention after subse-
quent fine-tuning: training recipes that look equivalent immediately after post-training
can retain the target capability very differently after subsequent fine-tuning. In particu-
lar, early exposure — mixing post-training data into pretraining — consistently improves
the frontier between retained upstream performance and downstream performance. In
compute-matched experiments, where the target data must be allocated between pretrain-
ing and post-training, we find that the optimum lies at neither extreme. Together with our
other empirical and theoretical findings, this supports the view that post-training drives im-
mediate specialization while early exposure improves robustness to later forgetting. Replay
and dropout, typically used to mitigate forgetting as it occurs during fine-tuning, provide
complementary gains to early exposure when applied during post-training. Our findings
suggest that robustness to subsequent fine-tuning should be treated as a first-class objective
of upstream training, addressed preventatively through choices like early exposure rather
than reactively during fine-tuning itself.






1 Introduction

When a post-trained language model is released for downstream fine-tuning, its carefully acquired capa-
bilities are at risk. Fine-tuning on a new objective routinely causes catastrophic forgetting of behaviors
introduced during post-training — whether instruction following, domain knowledge, coding ability, or
safety-related behavior (Yang et al., 2025; Olmo et al., 2025).

Most prior work treats this as a problem for the downstream fine-tuner to solve. If fine-tuning degrades
prior capabilities, the natural response is to modify that fine-tuning stage: replay earlier data (Bethune
et al,, 2025; Kotha & Liang, 2026), regularize the update (Kirkpatrick et al., 2017), restrict the trainable
parameters (Hu et al., 2021; Biderman et al., 2024), or jointly optimize competing objectives (Wortsman
et al., 2022a;b).

We take a complementary view: robustness to subsequent fine-tuning should be treated as an objective of
upstream model development. Upstream developers typically train in two stages — first on a large general
corpus to build broad language understanding, then on a smaller, often scarce, targeted dataset to instill
specific capabilities. Because this second stage uses limited data, how and when it is used matters. Our
central intuition is that how a model learns a capability shapes how robustly it is retained: two models that
reach identical post-training performance can differ substantially in how well those capabilities survive
later adaptation.

To study this question, we use a controlled three-stage pipeline reflecting this standard practice: an upstream
developer first pretrains on a broad corpus, then post-trains on a smaller targeted dataset to acquire specific
capabilities, and finally hands the resulting model to a downstream user who fine-tunes it on a new objective
(Figure 1). We study this framework across multiple controlled settings spanning different post-training and
downstream fine-tuning regimes (Table 1), including both domain and behavioral adaptation, and evaluate
these settings for 135M parameter models, extending our findings to 1B parameter models. We hold the
downstream fine-tuning method fixed, applying standard supervised fine-tuning, and sweep its learning
rate to characterize how upstream choices shape the tradeoff between downstream performance, retention
of the post-trained capability, and performance on the broader pretraining distribution. Accordingly, our
evaluation centers on the tradeoff frontier induced by different methods, rather than immediate post-training
performance alone.

Our main intervention is simple: we expose the model to some of the eventual post-training data earlier by
mixing it in during pretraining. Across datasets and model sizes, we find that this early exposure improves
the tradeoff between retained upstream capability and downstream fine-tuning loss (Figure 3), even when
it has little or no visible effect on immediate post-training performance (Section 4.1).

Acquiring Capability X Is X Retained?

(gpre — epost (gft
|

Figure 1: Overview of our three-stage experimental setup, in contrast to a typical two-stage setup. A
first party pretrains then post-trains a model with the goal of achieving high performance on domain X.
Subsequently, downstream users fine-tune ¢, for a task Y, causing catastrophic forgetting of domain X.
Previous work investigates interventions in the third stage: how can we fine tune for Y while mitigating
forgetting on X. In this work, we investigate how the way in which X is learned affects how it is (or not)
forgotten.




Why does early exposure help? Our theoretical account (Section 5) suggests that mixing during pretraining
allows the post-training capability to be represented in specialized features that are less vulnerable to
subsequent interference. Our compute-matched experiments reinforce this view: even under a fixed budget
of post-training data, the optimum does not lie at either extreme of allocating all exposure to pretraining or
all exposure to post-training, but between the two (Section 4.2).

If the manner of learning matters, a natural follow-up question arises: what other interventions can shape
how a capability is acquired? We study replay and dropout from this perspective (Section 4.4). Intuitively,
replay encourages the model to acquire the new domain without overwriting prior features, while dropout
promotes more distributed and robust representations. Importantly, we evaluate whether the benefits
of these interventions persist after a later downstream fine-tuning stage. We find that both improve the
tradeoff frontier while remaining complementary to pretraining-time mixing.

Together, our findings show that the upstream training process is a meaningful lever for shaping robustness
to subsequent fine-tuning. In particular, a remarkably simple intervention—mixing a small amount of
post-training data into pretraining—can materially improve how well capabilities survive subsequent fine-
tuning. Replay and dropout provide additional complementary gains, further suggesting that robustness
can be influenced well before forgetting is observed downstream. More broadly, our results point to a
promising direction for future work: building models that are easier to inherently easier adapt by designing
the upstream training pipeline to make valuable capabilities more durable from the start.



2 Related Works

Catastrophic Forgetting A recurring challenge in sequential training is catastrophic forgetting: when
a model is optimized on new data, its performance can deteriorate on behaviors it previously exhibited
(McCloskey & Cohen, 1989). For language models, this phenomenon shows up in modern training pipelines.
For example, instruction tuning and RLHF can trade off against preexisting capabilities, an effect often
discussed as an “alignment tax” (Ouyang et al,, 2022). Relatedly, several works show that behaviors
introduced during safety finetuning can be quickly weakened or reversed by subsequent training on
different objectives or data (Yang et al., 2023; Qi et al., 2023). These tradeoffs also appear in adjacent settings
such as knowledge editing (Nishi et al., 2025) and unlearning (Maini et al., 2024). Beyond documenting the
effect, recent work has started to map how training choices shape its severity: for instance, LoRA-style
adaptation can alter forgetting dynamics (Biderman et al., 2024), and longer pretraining can change how
brittle or persistent acquired capabilities are (Springer et al., 2025). In this paper, we focus on catastrophic
forgetting of post-trained capabilities, and study what properties of an intermediate checkpoint determine
whether capabilities persists under subsequent training.

Data Placement in Pretraining A line of recent works examine pre-training interventions for enforcing
desired downstream capabilities and properties. Maini et al. (2025); O’Brien et al. (2025) propose filtering
and augmenting data during pre-training to improve safety. Similarly, Sam et al. (2026) demonstrate that
the impact of such interventions improves as they are introduced earlier in pre-training. While these
works incorporate downstream tasks during pre-training, they extensively modify the pre-training corpus
by incorporating data-augmentations and filtering of the dataset. Baek et al. (2026) demonstrate that
mixing post-training data during pre-training can immediately improve in-domain performance relative to
simply fine-tuning. In our work, we introduce an additional benefit of early exposure to post-training data:
robustness to catastrophic forgetting during future training.






3 Preliminaries and Setting

Typically, a model developer (1) pretrains a model on a general web corpus and (2) post-trains the model
on a target domain; downstream users then (3) fine-tune the model for their own purposes. Throughout
this work, we’ll describe stages (1) and (2) as upstream relative to stage (3) controlled by the downstream
end user. Each stage is associated with a dataset: D, (general pretraining), D, (post-training), and Dr;
(fine-tuning). The post-training corpus is assumed to be much smaller than the pretraining web corpus,
reflecting the practical regime where post-training data is relatively scarce.

We write £(6; D) for the loss of parameters # evaluated on dataset D. All losses are computed on held-out
splits of the corresponding datasets.

Stage 1: Upstream Pretraining. The model is first pretrained on a general web corpus D,,.., producing
a pretrained checkpoint ¢,,.. In some experiments, the upstream developer additionally mixes a fraction
A € [0, 1] of the post-training corpus D, into this stage. Here, A = 0 denotes no exposure to D, during
pretraining, while larger values of A correspond to greater exposure to D, during pretraining.

Stage 2: Upstream Post-training. Starting from 0., the upstream developer post-trains the model
on a relatively smaller corpus D, to acquire a target capability or domain specialization, yielding the
post-trained checkpoint ¢,,.;;. We measure performance on D,,.s; immediately after this stage using the
immediate post-training loss

Eim = L(onst; Dpost)-

Stage 3: Subsequent fine-tuning. A downstream user then fine-tunes the post-trained model on a new
objective Dy, producing the checkpoint 0. We measure performance on this new objective using the

downstream fine-tuning loss
L = E(Hm Dﬂ)-

Subsequent fine-tuning can degrade capabilities acquired during upstream post-training. To measure how
much of the post-trained capability survives, we also evaluate 0y, on D, defining the retained post-training

loss
ﬁret = AC(ﬁft; Dpost)-

Our central question is how upstream training choices affect downstream adaptation, retention of post-
trained capabilities, and preservation of general-domain performance under subsequent fine-tuning.

3.1 Evaluation Methodology

Subsequent fine-tuning is inherently multi-objective. A downstream user may care not only about perfor-
mance on the new fine-tuning objective Dy, but also about retaining capabilities acquired during upstream
post-training on D, and preserving more general capabilities associated with the pretraining distribution
Dyre. We therefore track three losses throughout this work: the downstream fine-tuning loss Ly, the
retained post-training loss L,et, and the retained pretraining loss

Epre = E(H[‘l; Dpre)-

We use validation loss as our evaluation metric. Prior work has established loss as a reliable, scale-invariant
proxy for capability: models with matched pretraining loss exhibit equivalent downstream task performance
(Du et al., 2024; Gadre et al., 2024; Chen et al., 2025). This is particularly important at our training scales,
where task accuracy is noisy and near random chance; in contrast, loss provides a continuous and smooth
signal that enables fine-grained comparisons between models that may appear similar under coarse or
discrete metrics.

Sweeping upstream training choices and hyperparameters yields checkpoints with different tradeoffs among
these objectives. We summarize the best attainable tradeoffs using 2D loss frontiers: for each method, we



Pipellne Dpre Dp()st Dl‘l

Music — Chemistry C4  MusicPile ChemPile
Music — Instruction C4 MusicPile FLAN

Instruction — Chemistry C4 FLAN ChemPile
Instruction — Music C4 FLAN MusicPile

Table 1: Experimental instantiations of the three-stage pipeline. We vary the upstream post-training corpus
Dypost and downstream fine-tuning corpus Dy while keeping the general pretraining corpus D, fixed to
C4.

plot the Pareto-optimal set of checkpoints in a given 2D projection, i.e., those for which no other checkpoint
from the same method achieves lower loss on both axes simultaneously. Our main analysis uses two
complementary views: (Lyet, Lt ), which captures the tradeoff between retaining the post-trained capability
and adapting to the downstream task, and (Lprc, Lret), Which captures the tradeoff between retaining
broader pretraining capabilities and retaining the post-trained capability. Together, these views provide
interpretable slices through the underlying three-objective tradeoff.

3.2 Experimental instantiations

Across experiments, we fix the general pretraining corpus to C4 and study the four three-stage instantiations
shown in Table 1. These settings cover two qualitatively different forms of upstream capability acquisition,
domain specialization and instruction tuning, and let us test whether the same robustness phenomena
appear across different downstream fine-tuning objectives.

3.3 Model scales and training budgets

Unless otherwise stated, we use a SmolLM2-style architecture (Allal et al., 2025) at two scales: our primary
experiments use a 135M-parameter model, and we additionally run a 1B-parameter variant to test whether
the same qualitative patterns persist at larger scale. For the 135M experiments, we pretrain on approximately
10B tokens from D, optionally with additional exposure to D, during Stage 1. Starting from the resulting
checkpoint 0., we perform Stage 2 post-training on D, using AdamW with linear warmup and cosine
decay. In all but the compute-matched experiments, training proceeds exclusively on D, with no
restriction on dataset repetitions: we apply early stopping and continue training as long as validation loss
on D, improves (up to a maximum budget of 2B tokens). This ensures that all models are trained to
convergence on Dy, and that differences in downstream retention are not attributable to unequal training
duration. We then fine-tune each post-trained checkpoint 0,,,: on Dy, for a fixed token budget of 200M
tokens with various learning rates.

Full optimizer settings, sweep ranges, and per-intervention details are provided in Appendix A.
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4 Experiments and Results

We begin by asking whether pretraining-time mixing has any effect once post-training is run to convergence
(Section 4.1). We then ask whether scarce post-training data should be mixed during pretraining or reserved
for a dedicated post-training stage (section 4.2). Finally, we ask whether the benefits of mixing persist
across broad hyperparameter sweeps and multiple pipeline instantiations (Section 4.3), before turning to
replay and dropout as complementary post-training interventions (Section 4.4).

4.1 Immediate post-training performance does not reflect downstream retention

We begin with a controlled study of the mixing ratio A, designed to isolate whether early exposure to Dy
has any effect once upstream post-training is run to convergence using early stopping. Unlike the broad
hyperparameter sweeps used in our main frontier analysis, these experiments fix the Stage 2 post-training
procedure and vary only how much of D, is seen during Stage 1 pretraining.

Setup. We fix the post-training configuration and vary only the pretraining mixing fraction A €
{0,0.25,0.5,0.75,1.0}. We study three post-training dataset sizes | Do | € {30M, 150M, 300M} where
Dpost C MusicPile. Starting from each pretrained checkpoint, we post-train on D, until convergence
using a fixed hyperparameter configuration. To induce forgetting, we then fine-tune on Dy C ChemPile,
and report both the immediate post-training loss L, and the retained post-training loss L,e; at a fixed
Stage 3 learning rate of 5 x 10~° (Figure 2a).

Result. Varying A has little effect on immediate post-training performance: across dataset sizes, Liy,
remains nearly flat as the mixing fraction increases. In other words, once post-training is allowed to run to
convergence, mixed and unmixed models reach similar performance on D,,.;. However, these checkpoints
behave very differently under subsequent fine-tuning. As A increases, the retained post-training loss Lyt
consistently decreases, indicating that models with more pretraining-time exposure to D, forget less
after subsequent downstream adaptation.

Takeaway. Pretraining-time mixing can substantially improve retention under subsequent fine-tuning
even when it provides little or no benefit to immediate post-training performance.

4.2 Mixing and dedicated post-training play different roles under a fixed data budget

The experiment above in Section 4.1 shows that early exposure to post-training data can improve its
downstream retention even when it has little effect on immediate post-training performance. However,
those experiments do not isolate whether the benefit comes from when D, is introduced or simply from
the model seeing more total D, tokens. We therefore ask a more controlled question: under a fixed D,
budget, should post-training data be mixed into pretraining at all, or is it better reserved for a dedicated
post-training stage?

Setup. We fix the total number of D, tokens seen across Stage 1 pretraining and Stage 2 post-training
and vary only how that budget is allocated. For each mixing fraction A € {0,0.25,0.5,0.75,1.0}, we
expose the model to a A-fraction of D, during pretraining and reserve the remaining (1 — \) fraction for
post-training, so every model sees exactly one pass over D, in total. Thus, A = 0 assigns the full budget
to dedicated post-training, while A = 1 assigns it entirely to mixed pretraining. We evaluate this allocation
study with D,,c C MusicPile at three dataset sizes, | Dot | € {30M, 150M, 300M}, use D, C ChemPile
for downstream fine-tuning, and report both L;,, and L, after Stage 3 fine-tuning at a fixed learning rate
of 5 x 10~° (Figure 2b).

Result. Figure 2b reveals a clear tradeoff. As A increases, the immediate post-training loss L;,, worsens:
under a fixed D,,.s; budget, allocating more data to pretraining leaves fewer tokens for the post-training
stage that exclusively optimizes for D,,,s;. The downstream picture is different. Increasing A consistently
improves retained performance after Stage 3 fine-tuning, lowering L, across dataset sizes. As a result,
the best immediate post-training performance is achieved by allocating all of D, to Stage 2, while the

11



—e— 30M tokens =—@— 150M tokens ==@== 300M tokens —e— 30M tokens =—@— 150M tokens ==@== 300M tokens

Before Fine-tuning After Fine-tuning Before Fine-tuning After Fine-tuning
(Immediate) (Retained) (Immediate) (Retained)
% 2.2 3\_ 3 /\o
3 2.0 3 * 1IT—%
] ] ]
= 1.87e— —— O‘\‘\’:‘_‘M\_ 10— —o—eo—°
s 1.6 E X 3 —e—
57 je—e—eo—o——o| 1 ]
= 1.4 :
0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0
Lambda (2) Lambda (2) Lambda (2) Lambda (2)
(a) Varying mixture fraction . (b) Compute-matched setting.

Figure 2: Left: As the mixture fraction A increases, immediate MusicPile loss after post-training remains
nearly constant, while retained MusicPile loss after downstream fine-tuning on ChemPile improves. This
shows that the benefits of mixing can be latent: they may not be visible immediately after post-training, but
emerge after subsequent fine-tuning. Right: In a compute-matched setting where total MusicPile exposure
is held fixed across pretraining and post-training, increasing A worsens immediate MusicPile loss after
post-training but improves retained MusicPile loss after downstream fine-tuning. Thus, even under a fixed
MusicPile token budget, allocating some exposure earlier in training yields better retention.

best retained performance after downstream adaptation is achieved at a nonzero mixture fraction. Even
under a fixed data budget, the optimum therefore lies between the two extremes of all-post-training and
all-pretraining allocation. This suggests that dedicated post-training and pretraining-time mixing are doing
something meaningfully different: concentrating D, in Stage 2 yields stronger immediate fitting to the
post-training domain, while earlier exposure makes that capability less brittle under later adaptation. We
provide a theoretical understanding of this in Section 5.

Takeaway: Under a fixed D)5 budget, the best immediate post-training performance occurs when all
data is reserved for Stage 2, but the best retained performance after downstream fine-tuning occurs at
a positive mixture fraction.

4.3 Mixed pretraining improves the loss frontier across hyperparameter sweeps

The controlled studies above isolate two key phenomena: the benefit of mixing can be latent, and under a
fixed post-training-data budget the best retained performance is achieved at a nonzero mixture fraction.
We now ask whether these conclusions persist once we move beyond controlled comparisons to the more
realistic setting in which both post-training and downstream fine-tuning offer many tunable degrees of
freedom. In practice, an upstream developer can vary post-training hyperparameters to reach different
tradeoffs between adaptation and retention, while a downstream end user may likewise vary fine-tuning
hyperparameters to target different operating points. We therefore evaluate each upstream strategy not by a
single checkpoint, but by the frontier of attainable checkpoints it induces across broad Stage 2 post-training
sweeps and Stage 3 fine-tuning sweeps.

Setup. For each pipeline in Table 1, we sweep Stage 2 post-training hyperparameters under both unmixed
and mixed pretraining, then fine-tune every resulting checkpoint on the downstream objective using a
range of Stage 3 learning rates, and evaluate the paired frontier views shown in Figure 3. Within each
pipeline, the left panel plots retained post-training loss against downstream fine-tuning loss, while the
right panel plots retained pretraining loss against retained post-training loss.

Result. Across all four pipelines, mixed pretraining consistently shifts the frontier relative to unmixed
pretraining. In the (L, e, Lg) view, mixing yields lower retained post-training loss at matched downstream
fine-tuning loss, indicating greater robustness of the post-trained capability under subsequent adaptation. In
the (Lpre, Lret) view, mixing also improves the tradeoff between preserving broader pretraining capabilities
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Figure 3: Mixing during pretraining improves the tradeoff frontier across four training pipelines
(135M). Each panel corresponds to one 3-stage pipeline. Within each panel, the left plot shows retained
post-training loss versus downstream fine-tuning loss, and the right plot shows retained pretraining loss
versus retained post-training loss. Black denotes the frontier obtained from unmixed pretraining, and
purple denotes the frontier obtained from mixed pretraining. Across all four pipelines, mixing shifts the
frontier toward lower retained post-training loss, lower retained pretraining loss, and lower downstream
fine-tuning loss, indicating that early exposure to post-training data can improve its downstream retention
after subsequent fine-tuning.

and preserving the post-trained capability. These gains appear across both domain and behavioral post-
training settings, suggesting that the benefit of mixing is not confined to a single dataset pair or narrow
training regime. We further verify that the same qualitative frontier improvement appears in our 1B
experiments, suggesting that the benefit of mixing persists beyond the small-model setting (Figures 8 and
9).

Takeaway: Across hyperparameter sweeps and training pipelines, mixed pretraining consistently
improves the attainable tradeoffs among downstream fine-tuning performance, retained post-training
performance, and retained pretraining performance.

4.4 Replay and dropout provide complementary gains

Pretraining-time mixing is one way to shape how the model acquires the target post-training capability,
but it is not the only one. We next study two alternative upstream interventions that act during Stage 2
post-training itself: replay, which mixes a small amount of general-domain data into post-training, and
dropout, which regularizes the post-training update. We view both as interventions on how the model
learns D, rather than simply how much performance it achieves immediately after post-training.
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Figure 4: Replay and dropout provide complementary gains on top of mixed pretraining. Each
subfigure shows one 3-stage pipeline. Within each subfigure, the left panel compares unmixed pretraining,
mixed pretraining, and mixed pretraining + dropout, while the right panel compares unmixed pretraining,
mixed pretraining, and mixed pretraining + replay. Across both downstream settings, adding dropout or
replay to mixed pretraining further shifts the fine-tuning-retention frontier, indicating that these post-
training interventions provide complementary gains rather than replacing the effect of pretraining-time
mixing.

Setup. We evaluate replay and dropout in the same three-stage framework as above, using broad Stage 2
hyperparameter sweeps and, for every resulting checkpoint, sweeping Stage 3 fine-tuning learning rates
before measuring the resulting frontier between downstream fine-tuning loss L and retained post-training
loss Lt Replay is implemented by mixing a small fraction (1% following Bethune et al. (2025)) of general-
domain data from D,,. into post-training, while dropout is applied during post-training as a regularizer.

Result. Figure 4 shows that both replay and dropout further improve the fine-tuning-retention frontier
relative to mixed pretraining alone. Replay encourages the model to acquire the post-training domain
without simply overwriting broader pretraining features, while dropout may promote more distributed and
robust representations during Stage 2 learning. These gains persist after downstream fine-tuning in both
representative pipelines we study, indicating that post-training interventions can meaningfully improve
robustness to later adaptation.

At 1B, the effect of replay on the (Lg, Lt ) frontier is weaker. However, replay remains useful for preserving
broader general-domain performance, suggesting that its benefits may shift across scales and objectives
(Figures ?? and ??).

Complementarity with mixing. Neither replay nor dropout eliminates the value of pretraining-time
mixing. Instead, both remain complementary to mixing: the strongest frontiers are obtained by combining
post-training interventions with mixed pretraining. This reinforces the broader picture developed above.
Pretraining-time mixing plays a distinct role by changing when the model first encounters the post-training
capability, while replay and dropout shape how that capability is learned during Stage 2.

Takeaway: Replay and dropout are simple upstream alternatives to pretraining-time mixing that can
also improve robustness to subsequent fine-tuning, and their gains are complementary with mixing.
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5 Theoretical Analysis of Early Exposure

We find that mixing even a small fraction of D, into pretraining substantially improves retention under
subsequent fine-tuning, and that this effect is complementary to various post-training regularizations
applied during post-training. This is striking, as there is little reason to expect that a small change to the
pretraining corpus should persistently shape retention two stages downstream. Moreover, these benefits
persist across a range of post-training interventions, suggesting that mixing operates on a different axis
than techniques that regularize the post-training or fine-tuning stages. Broadly, our findings indicate that
early exposure has a unique effect on how capabilities are implemented in the model, which then propagates
through subsequent training stages.

We now formally characterize how early exposure affects the way post-trained capabilities are implemented
in the model and their vulnerability to future forgetting. We analyze our three-stage pipeline in a two
layer linear model, which enables a precise characterization of feature learning during pre-training and its
impact on subsequent training dynamics.

Setup. We train a two-layer linear network § = W; W5 sequentially on three regression tasks simulating
Dypres Dpost, and Dy, using gradient descent on the squared loss £(0; D) = E|||z — y||?]. Each task is
defined by an input distribution and a ground-truth linear map A, with y = A’z. Following Springer
et al. (2025), we assume all tasks share singular vectors U, V so that AY = UX,;V T; the singular values of
33; are the features of task t.

Feature structure. We consider the input-space to be partitioned into three blocks, exhibiting different
behaviors across the tasks:

« Invariant features (n—2k features) have identical singular values across A&, A%< and Aft.

o Inconsistent features (k features) have shared dimensions where the tasks disagree—the singular values
differ between A" AsPec and Aft,

« Specialized features (k features) are active only on D,, while having zero covariance under pretraining
and downstream distributions.

Task definitions. The pretraining task D,,.. draws inputs from = ~ N (0, I,,_;), activating only shared
dimensions. The post-training task D, draws inputs from = ~ N (0, I,), activating all dimensions includ-
ing the specialized ones. Like pretraining, the downstream task Dy draws inputs from x ~ N (0, I;,_x)—
critically, it does not activate the specialized features. We model early exposure by training on the distribution
Diixed = (1—0)Dgen + aDgpec. Full details and formal assumptions are given in Appendix C.

5.1 Early Exposure Learns Different Features

We first characterize what features each pretraining strategy learns.

Theorem 5.1 (Informal: Only Mixing Learns Specialized Features). Let §™*°¢ and §*"™**d e the parameters
learned by pretraining on Dpixeq and Dgen, respectively, after sufficient training. Then 6™mxed learns the
specialized features, while §*"™* does not.

The key mechanism is that linear networks learn features in descending order of their singular value (Gidel
et al., 2019; Springer et al., 2025), with remaining features staying near zero. Without early exposure, the k
specialized features have the lowest singular values and are not learned. Early exposure, on the other hand,
boosts the effective singular value above the learning threshold. See Appendix C for the formal statement.

Impact of a Small Mixing Ratio The mixing fraction o need not be large to have an impact. Suppose
the specialized feature has singular value 8 > 0 on D,,.s;. Without mixing, specialized features have zero
effective singular value and are never learned. Mixing an a-fraction of D, boosts the effective singular
value to a3, so when [ is sufficiently large, even small « suffices to cross the threshold at which specialized
features are learned instead. Empirically, we also observe material benefits for early exposure even when
the quantity of mixed data is small relative to the total pre-training corpus.
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5.2 Post-Training Primarily Reuses Existing Features

Next, we study the impact of the different features learned by early exposure on the post-training process.

Theorem 5.2 (Informal: Post-training on #™*¢d versus §u™™*ed) - After sufficient post-training on Dposts

Hﬁisﬁed converges to parameters that leverage specialized features to reduce post-training loss, while egg;;”'xed

converges to parameters that only modify the inconsistent features.

The key insight is that features absent at initialization remain absent throughout post-training: if ¥;; = 0
at the start of post-training, it stays 0. Since #""™*¢d never learned the specialized features, post-training
from this checkpoint can only reduce loss on D, by distorting the inconsistent features. Post-training

from ™4 having learned the specialized features during pretraining, can additionally improve loss on
Dypost using the specialized features. We will next show that these

Cost of Specialization to General Performance. Our analysis shows that specialization in the absence
of early exposure is achieved by modifying inconsistent features. This suggests that such specialization
must come at a cost to general language modeling capability. The specialized features learned during early
exposure, on the other hand, provide a mechanism for specialization that does not impact other tasks. Our
empirical results are consistent with this: post-training after early exposure suffers less degradation of C4
loss than post-training a base model without early exposure, as observed in Figure 3.

5.3 Characterizing Downstream Forgetting Behavior

Finally, we show that the different feature usage established above directly determines forgetting under
downstream fine-tuning,.

Theorem 5.3 (Informal: 93{};{‘1’“’(1 experiences more forgetting than 9;,“02‘5(1). Let A pixeds D unmixed denote the
increase in loss on D, after fine-tuning on Dy, for the mixed and unmixed checkpoints, respectively. Then

Aunmixed Z A mixed-

Because Dy, does not activate the specialized dimensions, gradient updates during fine-tuning have zero
projection along those directions. Inconsistent features, however, overlap with Dy and are overwritten.
Without early exposure, all the loss reduction on D, is implemented in the inconsistent features and is
therefore vulnerable to erasure during fine-tuning. With early exposure, loss reduction is also implemented
in protected specialized features, enabling it to persist after further training. This provides a formal account
of the frontier shift observed empirically: the mixed checkpoint’s retention advantage traces back to feature
learning during pretraining.

Summary Ultimately, our analysis shows that even limited early exposure to post-training data during
pre-training induces the formation of specialized features for that domain. These features remain decoupled
from both D,., and D, rendering them resistant to overwriting during fine-tuning—fine-tuning gradients
have negligible projection along these directions. In contrast, without early exposure, post-training relies
on modifying broadly shared features to reduce loss, making these adaptations inherently fragile and prone
to forgetting under subsequent fine-tuning,.

16



6 Conclusion

Main themes. This thesis advances three connected claims. First, how well a capability survives later
fine-tuning cannot be read off from how well a model performs on that capability immediately after it is
acquired; two training recipes that look equivalent at the handoff can diverge substantially once the model
is adapted downstream. Second, the manner in which a capability is learned — when it is introduced during
training, how it is presented, and what else the model is learning at the same time — shapes how durable
that capability will be under later updates. Third, upstream training offers not a single knob but a family of
interventions: early exposure during pretraining, replay during post-training, and regularization during
post-training each shift the retention—-adaptation frontier, and their effects are largely complementary
rather than substitutable. The upstream design space for durability is richer than any single technique.
Together, these observations reframe robustness to fine-tuning from a downstream problem to be mitigated
into a design objective of upstream training.

Limitations. The present study leaves several important questions open. We examine a controlled setting
in which upstream and downstream training data are drawn from distinct domains; it remains unclear how
the benefits of early exposure behave when the two distributions are closely related, or when they actively
conflict. Our experiments also restrict the amount of post-training data introduced during pretraining to at
most a single pass over that corpus; we do not characterize what happens when the post-training data is
repeated much more aggressively — for instance, allocating several percent of the total pretraining budget to
post-training data, which would imply many repetitions of a small corpus. Our experiments span two model
scales and a fixed pretraining token budget, so we cannot directly speak to whether the same upstream
interventions continue to pay off at production-scale training. We focus on a single downstream adaptation
method and do not characterize how early exposure interacts with parameter-efficient or preference-based
fine-tuning schemes. Finally, our theoretical account is developed in a simplified model and is best read as
a mechanistic illustration rather than a proof about modern language models.

Future work. Several directions follow naturally. A fuller characterization of when early exposure helps
— across varying degrees of overlap between upstream and downstream data, across a wider range of
exposure levels, and into regimes of heavy repetition of post-training data — would sharpen practical
guidance for upstream developers. Extending the study to larger models and longer training runs would
test whether upstream interventions continue to shift the retention frontier at scale. A complementary line
of work is algorithmic: whether new objectives or regularizers applied later in training can approximate
the representational effect of early exposure, without modifying the pretraining corpus. More broadly, our
findings suggest that the goal of upstream training should not only be to teach models useful capabilities,
but to teach them in forms that remain stable under the updates they are likely to encounter later — making
durability, rather than immediate performance, a central target of model development.
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A Training Details
A.1 SmolLM2-1B Model Architecture

Table 2: SmolLM2-1B model architecture (custom config interpolated from SmolLM2 family).

Parameter Value

Parameters 1.03B

Hidden dimension 1,728

Attention heads 27

Layers 24

Head dimension 64

Query groups 27 (MHA)

MLP intermediate size 4,608

Vocabulary size 49,152

Context length 8,192 (max), 1,024 (training)
Normalization RMSNorm

Position encoding RoPE (base=100,000)

A.2 Dataset Statistics

Table 3: 135M Parameter Experiments

Dataset  Split Tokens Description

C4 Train 8.7B  General web text pretraining corpus
MusicPile Train 0.3B  Music-domain text corpus
ChemPile Train 0.3B  Chemistry-domain text corpus
FLAN Train 0.3B Instruction-tuning dataset

Table 4: 1B Parameter Experiments

Dataset  Split Tokens Description

C4 Train 19.7B  General web text pretraining corpus
MusicPile Train 0.3B  Music-domain text corpus
ChemPile Train 0.3B  Chemistry-domain text corpus
FLAN Train 0.3B  Instruction-tuning dataset

A.3 Optimizer Configuration

Table 5: Optimizer configuration used across all experiments.

Parameter Value
Optimizer AdamW

B 0.9

s 0.95

Gradient clipping 1.0 (max norm)
Precision bf16-mixed
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A.4 1B Stage 1 Pretraining

Table 6: Stage 1 pretraining configuration for 1B experiments.

Parameter Value Notes
Total tokens 20B Chinchilla-optimal for 1.03B params
C4 corpus 21.0B tokens 120 shards, tokenized

Learning rate
Minimum LR
Warmup steps

Global batch size

Micro batch size
Eval interval
Save interval
GPUs

Seed

5e-4

5e-5

1,000

512

30

1,000 steps
1,000 steps
8x L40S
42

Peak LR

Cosine decay target

Per-GPU

Single node

A.5 Post-training Hyperparameters

Table 7: FFT hyperparameter search space for Stage 2 post-training (135M).

Parameter Values Notes

Learning rate  {le-4, 2e-4, 5e-4, 1le-3, 5e-3} Peak LR

Minimum LR 5e-5 Cosine decay target
Dropout {0.0, 0.02, 0.05} embed/attn/resid/mlp
Weight decay 0.1 Fixed

Warmup steps 500 Fixed

Batch size {192, 480, 896} Global batch size
Max tokens 2B With early stopping

Table 8: Stage 2 FFT hyperparameter search space for 1B-scale post-training.

Parameter

Values

Notes

Learning rate
Minimum LR
Dropout

Weight decay
Warmup steps
Global batch size
Micro batch size
Max tokens

CPT budget

Early stopping patience
Evaluation interval
GPUs

Seed

{1e-5, 2e-5, 5e-5, le-4, 2e-4}

5e-5

0.0

0.1

100

512

30

2B
300M

3

100 steps
8x L40S
40

Peak LR

Cosine decay target

Fixed (see §A.7 for ablation)
Fixed

Per-GPU

With early stopping

Tokens per epoch (subsampled)
Evaluation intervals

Single node
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A.6 LoRA Configuration

Table 9: LoRA hyperparameter configuration for Stage 2 post-training.

Parameter Values Notes

LoRA rank (1) 64 Fixed

LoRA alpha («) 128 Fixed, a/r = 2
LoRA dropout {0.0, 0.02, 0.05} Same as FFT dropout
LoRA targets projection, mlp, head Q/K/V excluded
Learning rate {1e-4, 2e-4, 5e-4, 1e-3, 5e-3} Same as FFT

Weight decay 0.1 Same as FFT

Other parameters Same as FFT (Table 7)

A.7 1B Stage 2 CPT: Dropout Ablation

Table 10: Dropout ablation configuration for 1B Stage 2 CPT. MusicPile CPT pipeline only. 12 runs total (2
A X 3LRs x 2 dropout rates).

Parameter Values Notes

Dropout {0.02, 0.05} embed/attn/resid/mlp
Learning rate {1e-5, 2e-5, 5e-5}  Best 3 from baseline

A {0.0, 1.0} MusicPile mixing only
CPT dataset MusicPile Priority pipeline

Other parameters Same as baseline (Table 8)
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B Additional Plots

B.1 135M Dropout and Replay Frontiers with Retained Pretraining Loss (C4)

—8— Unmixed pretraining —@— Mixed pretraining —4— Mixed + dropout —#&— Mixed + replay

(a) C4 - MusicPile » ChemPile

(b) C4 -» MusicPile » FLAN
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Figure 5: Dropout and replay preserve broader pretraining capability in addition to the post-
training capability (135M). Companion to Figure 4, plotting the same Stage 2 hyperparameter sweeps
against retained pretraining loss on C4 instead of downstream fine-tuning loss. Within each pipeline, the
left panel compares unmixed pretraining, mixed pretraining, and mixed pretraining + dropout, and the
right panel compares unmixed pretraining, mixed pretraining, and mixed pretraining + replay. Across both
downstream settings, adding dropout or replay to mixed pretraining further lowers retained pretraining
loss at matched retained post-training loss, indicating that these post-training interventions protect broader
pretraining capabilities as well as the targeted post-trained capability. (a) C4 — MusicPile — ChemPile. (b)
C4 — MusicPile — FLAN.

B.2 Additional 135M Dropout and Replay Frontiers (without mixing)

—8— Unmixed pretraining —@— Mixed pretraining =—#= With dropout =—#— With replay

(a) C4 - MusicPile » ChemPile (b) C4 -» MusicPile » FLAN
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Figure 6: Dropout and replay applied without pretraining-time mixing (135M). To isolate the effect
of post-training interventions from pretraining-time mixing, each panel applies dropout or replay on top
of unmixed pretraining (A = 0), with the mixed-pretraining frontier shown for reference. Within each
pipeline, the left panel adds dropout during Stage 2 post-training; the right panel adds a small fraction
(1%) of general-domain replay. Both interventions shift the fine-tuning-retention frontier, but less than
pretraining-time mixing alone, reinforcing that mixing acts on a distinct axis from Stage 2 regularization.
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B.3 135M LoRA Experiments

—&— FFT unmixed —&— FFT mixed —® - LoRA unmixed —® - LoRA mixed
(a) C4 - MusicPile » ChemPile (b) C4 - MusicPile » FLAN
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Figure 7: FFT vs LoRA fine-tuning-retention frontiers (135M). Each panel shows four frontiers
obtained by sweeping Stage 2 post-training hyperparameters and Stage 3 fine-tuning learning rates: FFT
with unmixed pretraining (black circles, solid), FFT with mixed pretraining (purple circles, solid), LoRA
with unmixed pretraining (black squares, dashed), and LoRA with mixed pretraining (purple squares,
dashed). Mixed pretraining improves both the FFT and LoRA frontiers in both downstream settings, and
FFT generally attains a better fine-tuning-retention tradeoff than LoRA at matched upstream configurations.
This suggests that the benefit of pretraining-time mixing is not specific to a particular fine-tuning method.
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B.4 1B Experiments

Black denotes the frontier obtained from unmixed pretraining, and purple denotes the frontier obtained
from mixed pretraining,.

B.4.1 Mixing Frontiers

—8— Unmixed pretraining frontier = —@— Mixed pretraining frontier
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Figure 8: Mixing frontiers at 1B, MusicPile post-training pipelines. Companion to Figure 3 at 1B scale.
Within each pipeline, the left panel plots retained post-training loss against downstream fine-tuning loss,
and the right panel plots retained pretraining loss against retained post-training loss. As at the 135M scale,
mixed pretraining consistently shifts the frontier toward lower retained post-training loss, lower retained
pretraining loss, and lower downstream fine-tuning loss, indicating that the benefit of early exposure to
post-training data persists beyond the small-model setting.
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Figure 9: Mixing frontiers at 1B, FLAN post-training pipeline. Left: retained post-training loss vs
fine-tuning loss. Right: retained pretraining loss (C4) vs retained post-training loss. Mixed pretraining
likewise improves the frontier when the post-training corpus is instruction-tuning data rather than domain-
specific text, showing that the effect extends to behavioral post-training at 1B scale.
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B.4.2 Upstream Dropout and Replay at 1B Parameters

—8— Unmixed pretraining —@— Mixed pretraining —4— Mixed + dropout —#&— Mixed + replay
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Figure 10: Replay and dropout provide complementary gains on top of mixed pretraining at
1B. Companion to Figure 4 at 1B scale. The left panel compares unmixed pretraining, mixed pretraining,
and mixed pretraining + dropout; the right panel compares unmixed pretraining, mixed pretraining, and
mixed pretraining + replay. As at 135M scale, both dropout and replay further shift the fine-tuning—
retention frontier beyond mixed pretraining alone, indicating that these post-training interventions provide
complementary gains at the larger scale as well.
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Figure 11: Dropout and replay on top of mixed pretraining, broader pretraining retention (1B).
Companion to Figure 5 at 1B scale. The same Stage 2 sweeps are plotted against retained pretraining loss
on C4. At this scale, dropout at the rate we swept degrades C4 retention relative to mixed pretraining
alone, which we attribute to insufficient tuning of the dropout rate; replay continues to preserve and often
improves C4 retention, consistent with its role of keeping general-domain data present during Stage 2.
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Figure 12: Dropout and replay applied without pretraining-time mixing (1B). Companion to Figure 6
at 1B scale. Each panel applies dropout or replay on top of unmixed pretraining (A = 0), with the mixed-
pretraining frontier shown for reference. At 1B, dropout continues to shift the fine-tuning-retention frontier
relative to the unmixed baseline, while replay alone has a weaker effect, consistent with our observation in
the main text that the relative strength of replay as a frontier-shifting intervention diminishes at this scale.
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C Theoretical Analysis

C.1 Preliminaries and Setup

Model and data distribution We consider a two-layer linear network § = W;Wax on a series
of regression problems using the squared loss. In particular, the problems take the form of £;(0) =
E,.p[||0x — Alz||3], where t € {pre, post, ft} indexes the. Here, D; denotes the input distribution and
the ground-truth outputs are generated as A’ X, where X ~ D;. Following the analysis in Springer et al.
(2025), we consider the singular values of A’ as the features for the training task ¢.

Assumption C.1 (Simultaneous Diagonalizability). There are orthonormal matrices U,V such that for
t € {pre, post, ft} we can write A' = US;V' T, where all the =4 are diagonal matrices.

In order to model transfer and interference between the distributions, we will next specify a structure
on the relationships between the different features. We first assume the presence of invariant features,
capturing common linguistic capabilities that are broadly applicable across domains and tasks. Across these
definitions, we assume a consistent ordering of the singular values (although the exact ordering of the
singular values may shift).

Definition C.2 (Invariant Features). Fori € [1,n — 2k], we have that (E,re)ii = (Zpost)ic = (Sp)ii-

In addition to these highly general features, we also consider the features through which the model may
learn more domain specific information. We consider that such specialization can arise from either via a

Definition C.3 (Inconsistent Features). We define feature (indexed by i) to be inconsistent if we have that
(zpost)ii > C(Epre)ii

Inconsistent features therefore incur a tradeoff between reducing loss on D,.st and preserving performance
on Dyye. Finally, we introduce specialized features, which do not incur such a tradeoft.

Definition C.4 (Specialized features). We consider feature i is specialized if we have that (V" );xz = 0
and that (X,05);; > 0. For simplicity we will assume that all specialized features take the same value of

(Epost)ii = /6

Intuitively, Dpr and Dy have no covariance along the specialized feature directions. As we will show, this
results in gradient steps taken along them causing no interference along these directions. However, as
a result of their zero-covariance, these features are also impossible to learn without explicitly seeing the
post-training data.

Downstream Tuning Task We consider that the downstream tuning task is relatively more similar to the
pretraining task than the post-training task. As such, we consider that the inputs are sampled according
to x ~ N(0, I,,_) (i.e. it doesn’t not activate the specialized features). As previously, we have that the
singular values corresponding to the invariant features remain constant. However, the we have that the
inconsistent features are misaligned between A*?*° and A", in particular that oft = Co 7.

Mixed Training We parameterize the mixed distribution by a parameter o and train on the distribution
Do mixed = (1 — a)Dpre + aDyp,. As all distributions in our setting have mean zero, we have that the
covariance matrix of this Gaussian mixture model is (1 — a)Xpre + aXgp.
Assumption C.5 (Invariant Features are High Magnitude). We consider that the invariant features are
higher magnitude than the specialized features and the inconsistentfeatures, concretely:

O_fre > O_;)re
Vi € [0, dinvariant] and ¥j € (dinvariant; ). We make a similar assumption on the relationship between the
invariant features and the specialized features, concretely:

J;pre > U;pec

Vi € [0, dinvariant| and ¥j € (dinvariant, 7). This intuitively encodes that the invariant features have the highest
salience in the data.
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Assumption C.6 (Sufficient Specialized Mixing). We assume that there exists o > 0

spec

Oé,@ > (1 - a)apre + O‘Ui Vi € [dinvarianb dinvariant+k]

i

Intuitively, Assumption C.6 suggests that there exists a mixing ratio such that the mixing specialized
features become more salient than the inconsistent features. However, this mixing ratio need not be high if
the strength of the specialized feature is high in the covariance of D,,;.

C.2 Analysis of Initial Pretraining

Here, we will study the dynamics of the pretraining stage. We first introduce an important result on the
sequential learning dynamics of features in two layer linear networks (Gidel et al., 2019). For a given

pretraining task where X, Y represent the inputs and outputs, respectively. For a given task, we define

that ¥,, = 1 XTY and ¥, = 1 X T X. We will write that X,, = }E”y oiu;v! , where R, is the rank
Y n n Y i=1 7 Y

of ¥,. We will also assume that

Assumption C.7 (Joint Decomposition). There exist orthogonal matrices U,V such that
Yoy =UDy V' %0 =UD,, U’ (1)

and we will denote the singular values of ¥, as o1, ...,0R,,and that the diagonal entries of Dy, as
Ay AR, = 1. We '

Next, we will characterize the initialization scale of model before pretraining. Following (Springer et al.,
2025), we have the following initialization:

Assumption C.8 (Pretrained Initialization Scale). Let (W71(0), W>(0)) be the parameters at initialization.
Then we have that W1(0) = W2(0) = exp(—T)I4.

Essentially, Assumption C.7 requires that the model parameters are close, but not exactly 0 which yields
sequential feature learning. We next explicitly re-state the result from Gidel et al. (2019).

Theorem C.9 (Sequential Learning of Features Gidel et al. (2019); Springer et al. (2025)). Suppose W1, Wy
obey the initialization in Assumption C.8 and the pretraining task obeys Assumption C.7. Then there exist
timesty,...,t, such that

1
[IW1(t:) — U (X:0)2]|p < exp(—=CT)
IWa(t) = (£:0)2V || < exp(~Cr)
Where 3.; is defined to be diag(01, ...0;, 0, ...0), equivalently the rank i approximation of diag(o1, ..., 0R,, ).

Conceptually, Theorem C.9 demonstrates that during the pretraining process, W; Wj learn features in
decreasing order of their of the singular value of ¥,,. Next, we will apply this result in order to compare
the features learned during mixed and non-mixed pretraining.

Theorem C.10 (Only Mixing Learns Specialized Features). Let 08"(t) = W (t)Ws " (t) be the parameters

learned when pretraining only on D, and ™>¢d(t) = Wmixed (1) Wmxed(t). Denote Wspec, Uspec to be the
right and left singular values corresponding to the specialized feature. Then, there exists a time t such that

inv

where X ixeq = diag(o]™, ...o)"™, 0, a3, ..., ) and Bypmixea = diag(oi™, ..., 01", ..., 0}'¢, 0))
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Proof. This is a relatively straightforward application of Theorem C.9. Denote (X (Mixed) y (mixed)) 55 the
data used for mixed pretraining and X m‘xed) 1 (X (mixed)) Ty (mixed) " We have that Egzixed) =(1-

)25y + a3 By Theorem C.9, we have that the features are learned in order of the singular values
of ¥;y. By Assumptions C.5 and C.6, we have that the top n — k singular values of Eggixed) are the

(le@d) inv inv

n — 2k shared features and the k specialized features. Define X = diag(oi™, . oY, 0, 0, .., a3).

Applying Theorem C.9, we have that
(W™D — U (20592 || ) < exp(~C7)
i mixed
[Wim? — (50D) 2V T || < exp(—Cr)

Repeating this analysis for unmixed training, we have that the top n — k singular values of X gen)
are the n — 2k shared features are the k inconsistent features. We can define Efzn_n;clxed) =
diag(ai™, ..o, gharedmis | yshared-mis () Similarly, by applying Theorem C.9, we have that
d) ixed), 1
Wit — (S Y) 2 | < exp(~C7)
g (=502 V Tl < exp(~CO7)
O]

Intuitively, our result in Theorem C.9 demonstrates that mixing D, during pretraining results in a
pretrained initialization that has different features. Mixing learns the specialized features, while not mixing
learns only the inconsistent features. In the following, we will examine the impact that these different
features have on the retention of D,,s; during subsequent training.

C.3 Analysis of Post-Training

We now study the dynamics of the post-training process. To formalize the post-training process, we first
examine the dynamics beginning from the idealized pretraining initialization (as performed by Springer
et al. (2025)). We perform the post-training stage on the regularized loss E[||0z — APz||%] + A||0 — 6o ||%.
Observe that because z ~ N (0, I,), this is equivalent to ||§ — AP|| . We follow the assumptions on the
regularity of fine-tuning established in Springer et al. (2025). Our analysis imposes certain

Assumption C.11 (Bound on Parameters Throughout Training).
HWl(mixed)Hop <VT
||Wl(mlxed)||op < \/f

d)

W, (unmlxe ||op < VT
d)

|| (unmtxe ”Op S \/f

Moreover, we assume that the regularization strength and the learning rates are likewise bounded.
Assumption C.12 (Bound on Learning Rate).

A +2)I'<1

Idealized Pretraining Initialization We denote the ideal initialization parameters for the mixed and

unmixed cases (W7 (0), Wa(0)).

mixed mixed £

Wm(0) = U (Sh)

W(mlxed)( ) (Emixe]g) % VT
n—
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Similarly, we have the following idealized initialization for the unmixed initialization
Wl(ur;mixed)((]) _ U(E?T?Tlicxed)%
W2(unrnixed) (0) _ (Eu;T];xed) % VT

In the idealized setting, we can track the evolution of each singular value independently. In particular,

we have the following update rules as derived in Springer et al. (2025) (where we denote o, as the i-th

singular value of A% and likewise for o™

will suppress the superscript for compactness:
0i(t +1) = 0i(t) + 200i(t) (10:(t)* = (Ospeci)®) + 2nA\(03(t)* — 04(0)?) ()

As a result, note that when Ugun)mixed(O) =0, U,Eun)mmd (t) =0 for all ¢.

(t) as the i-th singular value at step t.In what follows, we

Next,we will study the dynamics of the non-zero singular values (Lemma A.11 Springer et al. (2025). We
will assume that post-training is performed for a sufficient number of steps.

Assumption C.13 (Sufficient Post-Training Steps). We have that the number of post-training steps (denoted
by K) satisfies K > %mm log loeor,for a constant € and where Cpin = Min{ (X post)is| Xpost)ii 7 0} — that is
the minimum, non-zero singular value.

Given these technical conditions, we now state a general result (adapted for our setting from Springer et al.
(2025)).

Lemma C.14. When training on D . with infinite batch size from the ideal pretraining initialization and
taking sufficient number of steps K, for all i € rank(0,,(0)), we have that

(U TgEmmixed 1)V )y — (Spost)is] < € ®3)
where 305 is such that A e = UZpostVT.

Across the settings, we assume that K is sufficiently large such that € < (n_li)[(gﬁfg(zﬁfif ™ Now, we

: : shared,post _ J3: inv inv spec spec spec,post __
will define the matrlcesSp%C = lilcag(al s O oy O O, 0p) and X —

diag (o™, ...omY 0 Oky O 1O L op), Intuitively, Sisharedpost |gwers loss on Dy by shifting
the values on the shared features, while 3PPt accomplishes this by modifying the unique features. We
are now ready to state the main theorem.

Theorem C.15 (Post-training on #™*¢d versus §unmixed) [ o gmixed( K) denote the parameters after training

the idealized unmixed initialization starting for K steps and let 0™**(K) be the same starting from the
idealized mixed checkpoint. Then we have

HUT@mixedV . Espec,post| ’op <e
||UT9unmixedV _ Eshared,post| |0P <e

Proof. This theorem follows by noting that under the idealized pretraining initialization any singular value
that is 0 at initialization remains that way during the entire optimization trajectory. Note that the 0 singular
values of U " #™*¢dV/ coincide with 5P POst (the specialized features) and likewise U ' §*"™*¢dV/ coincide
with 3shared. post (the inconsistent features).

This implies that we have

max |(UT9mixedV)7;7; _ (zspeqpost)m < max |(UT9mixedv)ii _ (zspec,post)m

1€[1,n] i€rank(0)
max |(UT9unmixedV)ii o (Eshared,post)ii| < max ’(UTemixedv)ii . (Eshared,post)ii|
1€[1,n] i€rank(0)
Now, applying the result from Lemma C.14 yields the desired claim. O
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C.4 Analysis of Downstream Adaptation

In the previous section, we characterized the impact of post-training from a mixed versus an unmixed
initialization, demonstrating that different features are used to minimize the loss on D, In this section,
we study how these different features impact the ultimate . We first establish that the singular values
corresponding to directions in which there is no covariance remain unchanged throughout the downstream
fine-tuning stage.

Lemma C.16. Consider performing downstream unregularized fine-tuning on Dy. If v ~ Dpg has 0 covariance

along a singular direction, the corresponding singular value remains unchanged throughout downstream
adaptation.

Proof. To see this, note that the gradient updates for W; and W5 take the following form:

Wik +1) = Wi(k) — 2p(W1(k)Wy(k) — APC)8, W,
Wz(k + 1) = Wz(k‘) — 217W1(]{3)2x(W1(/{7)W2(k’) — Aspec)

Here, we have that >, denotes the covariance of the input data x. Thus, along any singular direction in
which the data has 0 variance, the 33, term will project the gradient to 0. Thus, the singular values on such
directions must also remain unchanged. O

We consider performing downstream adaptation by taking steps using unregularized gradient descent on
Dy and show the following result.

Theorem C.17. Consider performing K steps of gradient descent on the downstream finetuning dataset
beginning from the intializations 0P ™*4(K) and let 9Fmixed( ), gFlunmixed( [¢) gpost unmixed( [7) denote
the final parameters. Let A pmivea = L£(OFF ™xed, Dypec) — L(6PF mixed( ) Dypec) and likewise A pixeq =
L(GFF unmixed. Dipec) — L (@postunmixed [y, Dipec). Then we have that A yppmixed > A pixed-

Proof. As the invariant features take the same values, they will not move during the downstream adaptation.
Moreover, due to the Lemma C.16, we also have that the specialized features will not change during the the
downstream fine-tuning. This implies that A pmixeq = 0. Next we will examine the changes induced by
downstream training on the unmixed models. Observe that due to the full-rankedness of covariance of
Dypec, we have that the £(0; Dypec) = ||0 — A¢||%. By applying Lemma C.14 We define the following

: (unmixed) _ 4. invariant invariant _ft
matrices Xpy = diag(o] y ooy O

gives us that

Ufltinvariant n +0%) and note that Lemma C.14

dinvariant ) dinvariant+1 e

HUT@(unmixed)FTV _ E%lrnmixed)| |op <e

Likewise, we have that

HUT glunmixed), oy E(FuTnmixed)Hop <e

The loss function we use here is simply the squared difference of the singular values. Thus,we can upper
bound:
E(eunmixed;fpspec) < k‘(ﬁ + 6)2 + (’/l _ k‘)EQ

post

and likewise lower bound
L(OF™% Dypec) > k(B —€)* + (n — k)((a — 1) — ¢)?

Then,we can lower bound Ayumixed > k[(8+€)2 — (8 — €)?] + (n — k)[(a — 1 — €)% — €2]. From the upper
bound of €, we have that this implies Aixeq = 0. Hence, we have Aypmixed = Amixed- O
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